We study the time-dependent scattering of a quantum mechanical wave packet at a barrier for energies larger than the barrier height, in the semi-classical regime. More precisely, we are interested in the leading order of the exponentially small scattered part of the wave packet in the semiclassical parameter when the energy density of the incident wave is sharply peaked around some value. We prove that this reflected part has, to leading order, a Gaussian shape centered on the classical trajectory for all times soon after its birth time. We give explicit formulas and rigorous error bounds for the reflected wave for all of these times.
Introduction
We consider the problem of potential scattering for a quantum particle in one dimension in the semiclassical limit. Let V : R → R be a bounded analytic potential function such that lim |x|→∞ V (x) = 0. Then a classical particle approaching the potential with total energy smaller than max x∈R V (x) is completely reflected. It is well known that for a quantum particle tunneling can occur, i.e. parts of the wave function can penetrate the potential barrier. Similarly, for energies larger than the barrier height max x∈R V (x) no reflection occurs for classical particles, but parts of the wave function of a quantum particle might be reflected. In the semiclassical limit the non-classical tunneling probabilities respectively the non-classical reflection probabilities are exponentially small in the semiclassical parameter. While the computation of the semiclassical tunneling probability can be found in standard textbooks like [LaLi] , the problem of determining the reflection coefficient in the case of above barrier scattering is much more difficult [LaLi, FrFr] . In this paper we are not only interested in the scattering limit but also in the questions where, when and how the reflected piece of the wave function emerges in an above barrier scattering situation.
The time-dependent Schrödinger equation for a quantum particle moving in one dimension in the potential V is
where 0 < ε ≪ 1 is the semiclassical parameter. A solution to (1) can be given in the form of a wave packet: for any fixed energy E > max x∈R V (x), let φ(x, E) be a solution to the stationary Schrödinger equation
where p(x, E) = E − V (x) > 0 is the classical momentum at energy E. Then the function Ψ(x, t, ε) := Q(E, ε)e −itE/ε φ(x, E) dE,
for some regular enough energy density Q(E, ε) is a solution of (1). We will require boundary conditions on the solution of (2) that lead to a wave packet that is incoming from x = +∞ and we will assume the energy density is sharply peaked around a value E 0 > max x∈R V (x). In order to understand the emergence of exponentially small reflected waves from (3) we basically need to solve two problems. Roughly speaking, we need to first determine the solutions to (2) with appropriate boundary conditions up to errors sufficiently small as ε → 0. Since we are interested in the solution of (1) for all times, we need to determine the solution of (2) and also need to split off the piece corresponding to a reflected wave for all x ∈ R and not only asymptotically for |x| → ∞. The large |x|s regime of (2) is rigorously studied in [JoPf 2 , Ra] by means of complex WKB methods and yields the exponentially small leading order of the reflected piece. On the other hand, the behaviour for all xs of (2) has been investigated at a theoretical physics level in [Be1] , where error function behaviour of the reflected wave piece has first been derived. However, our method is quite different and allows for a rigourous treatment, which is one main new contribution of the present paper.
In a second step we have to evaluate (3) using the approximate φs from step one and extract the leading order expression for the reflected part of the wave, for a suitable energy density Q(E, ε). Since we know that the object of interest, namely the reflected wave, is exponentially small in ε, both steps have to be done with great care and only errors smaller than the exponentially small leading order quantity are allowed. This has so far been done only in the scattering regime for similar problems [HaJo3, JoMa] . By contrast, we will be able to carry out the analysis for all times just after the birth time of the reflected wave, not only in an asymptotic regime of large positions and large times. This is the second main new aspect of our work.
Before further explaining the result, let us give some more details on how to approach the two problems mentioned. For solving (2) we use techniques developed in [BeTe1, BeTe2] , cf. also [HaJo2] in the context of adiabatic transition histories. The connection to adiabatic theory is easily seen by writing the second order ODE (2) as a system of first order ODEs. Put
where the prime denotes one derivative with respect to x, then φ solves (2) if and only if ψ solves iε∂ x ψ(x, E) = 0 1 p 2 (x, E) 0 ψ(x, E) =: H(x, E)ψ(x, E) .
In [BeTe2] we studied the solutions of the adiabatic problem iε∂ t ψ(t) =H(t)ψ(t) ,
whereH(t) is a time-dependent real symmetric 2 × 2-matrix. So the two differences between (4) and (5) are that H(x, E) is not symmetric, but still has two real eigenvalues, and that an additional parameter dependence on E occurs. In Section 2 we explain how the results from [BeTe2] on (5) translate to (4). From this we find in Section 3 that the solution to (2) can be written as φ(x, E) = φ left (x, E) + φ right (x, E) ,
where φ left (x, E) corresponds to a wave traveling to the left and is supported on all of R, while φ right (x, E) is the reflected part traveling to the right and is essentially supported to the right of the potential. The difference between (6) and the usual WKB splitting
is that the reflected part φ right (x, E) is exponentially small for all x ∈ R and not only for x → +∞ as f right (x, E). Indeed, we will show that φ right (x, E) is of order e −ξc(E)/ε for an energy dependent decay rate ξ c (E). In the scattering limit |x| → ∞ the splittings (6) and (7) agree; so the main point about (6) is that we can speak about the exponentially small reflected wave also at finite values of x.
Inserting (6) into (3) allows us to also split the time-dependent wave packet Ψ(x, t) = Q(E, ε)e −itE/ε φ left (x, E)+ φ right (x, E) dE =: Ψ left (x, t)+ Ψ right (x, t) .
Since φ right (x, E) is essentially of order e −ξc(E)/ε , the leading order contribution to Ψ right (x, t) comes from energies E near the maximum E * (ε) of |Q(E, ε)|e −ξc(E)/ε . In order to see nice asymptotics in the semiclassical limit ε → 0 we impose conditions on Q(E, ε) that guarantee that E * (ε) has a limit E * as ε → 0. Typically, this will be true for a density Q(E, ε) which is sharply peaked at some value E 0 as ε → 0, in accordance with the traditional picture of a semiclassical wave packet. In particular, it should be noted that in general, the critical energy E * is different from E 0 , the energy on which the density concentrates.
The main results of our paper are increasingly explicit formulas for the leading order exponentially small reflected wave Ψ right (x, t) not only in the scattering limit, covered by [HaJo3, JoMa] , but for most finite times and positions. In particular these formulas show where, when and how the non-classical reflected wave emerges. Let us note that similar questions can be asked for more general dispersive evolution equations, in the same spirit as the systems considered in [JoMa] . However, the missing piece of information that forbids us to deal with such systems is an equivalent of the analysis performed in [BeTe1, BeTe2] , and adapted here to the scattering setup, that yields the exponentially small leading order of the solutions to (2), for all xs.
Our methods and results belong to the realm of semiclassical analysis, in particular, to exponential asymptotics and the specific problem we study has been considered in numerous works. Rather than attempting to review the whole litterature relevant to the topic, we want to point out the differences with respect to the results directly related to the problem at hand. Exponentially small bounds can be obtained quite generally for the type of problem we are dealing with, see e.g. [Fe1, Fe2, JKP, Sj, JoPf 1 , Ne, Ma, HaJo1] ... Moreover, existing results on the exponentially small leading order usually are either obtained for the scattering regime only, [Fe1, Fe2, JoPf 2 , Ra, Jo, HaJo3, JoMa] , or nonrigorously [Be1, Be2, BeLi] , or both [WiMo] . To our knowledge, the only exceptions so far for the time independent case are [BeTe1, BeTe2, HaJo2] , which we follow and adapt, but as mentioned above we need to be even more careful here in order to get uniform error terms in the energy variable. Finally, we focus on getting explicit formulae for the leading term of the reflected wave, rather than proving structural theorems and general statements, which justifies our choice of energy density.
The detailed statements of our results are too involved to sum them up in the introduction; let us instead mention a few qualitative features. In the semiclassical limit ε → 0 the reflected part of the wave is localized in a √ ε-neighborhood of a classical trajectory q t starting at a well defined transition time at a well defined position q * with velocity E * − V (q * ). A priori we distinguish three regimes. A √ ε-neighborhood of the transition point q * , which is located where a certain Stokes line in the complex plane crosses the real axis, is the birth region, where the reflected part of the wave emerges. It remains √ ε-localized near the trajectory q t of a classical particle in the potential V with energy E * > maxV for all finite times, which defines our second regime. Therefore lim t→∞ q t = ∞, i.e. the trajectory belongs to a scattering state and moves to spatial infinity. The third regime is thus the scattering region, where the wave packet moves freely. We give precise characterizations of the reflected wave in all three regimes, Theorem 5. It turns out that as soon as the reflected wave leaves the birth region, it is well approximated by a Gaussian wave packet centered at the classical trajectory q t , see Theorem 6.
We now give a plan of the paper. In order to precisely formulate our main results, we need to discuss in detail under which conditions and in which sense we can solve (4) up to exponentially small errors. This is discussed in Section 2 where the main result is Theorem 3. The proofs are based on the techniques developed in [BeTe1, BeTe2, BeTe3] and can be found in Sections 5 and 6. In Section 3 we explain how to arrive from our solutions of (4) at the main theorems, Theorems 4-6, by first obtaining solutions of (2) split according to (6) and then evaluating (8). The mathematical details on the asymptotic analysis of (8) are covered in Section 4, where the main tool is Laplace's method. In Section 5 we explain how to bring (4) into an almost diagonal form, with off-diagonal elements of order ε n for arbitrary n ∈ N, see Theorem 7. We proceed analogous to the well known transformation to super-adiabatic representations in adiabatic theory, see [BeTe1, BeTe2] for references. In Section 6 we analyze the asymptotic behavior of the off-diagonal terms in the super-adiabatic representations. By optimal truncation we find the optimal super-adiabatic representation in which the off-diagonal terms are exponentially small and explicit at leading order. Then standard perturbation theory yields Theorem 3.
Superadiabatic representations for non-selfadjoint Hamiltonans
In this section we adapt the results of [BeTe1] and [BeTe2] to fit our needs. The main difference is that the Hamiltonian matrix we will have to deal with is not self-adjoint; this will require some adjustments which we carry out in the Section 6, but fortunately much of the theory from [BeTe1, BeTe2] carries over. The equations we consider are
where p(x, E) = E − V (x), and V is analytic in a neighbourhood of the real axis with sup x∈R V (x) < E. We will here give the optimal superadiabatic representation for this system, which is an ε-dependent basis transform that diagonalizes (9) up to exponentially small errors while still agreeing with the eigenbasis of H(x, E) for |x| → ∞. In this basis, for suitable initial conditions the second component of the solution is given by an exponentially small error function with superimposed oscillations, to leading order; this fact will enable us to describe the time development of the exponentially small reflected wave. We start by introducing the invertible transformation
Equation (9) then transforms into
wherep(ξ(x, E), E) = p(x, E). Let us for the moment consider fixed E and drop the dependence on E from the notation. The matrix on the right hand side of (11) has eigenvalues −1/2 and 1/2, and is diagonalized by the basis transform implemented through
We then find
where
is the adiabatic coupling function. The following theorem gives the n-th superadiabatic representation for every n ∈ N.
, and the x j , z j can be calculated from the recursive equations
We will give the proof of this theorem in Section 5. There we will even give explicit expressions of T n , ρ n and k n in terms of the x i , y i and z i , but these are too messy to write down here. Note that none of them is a polynomial in ε.
As it stands (13) is not useful, since neither the n-dependence nor the ξ-dependence of the off-diagonal terms is controlled. In order to achieve this, we need to make stronger assumptions on θ ′ . As the present situation is very close to the superadiabatic transition histories considered in [BeTe2] , the conditions will be identical: we require that θ ′ is analytic in a strip around the real line, and that the singularities which limit this strip are first order poles plus lower order corrections. As explained in [BeTe2] , those corrections are controlled using the following norm on functions of a real variable: Definition 1. Let ξ c > 0, α > 0 and I ⊂ R be an interval. For f ∈ C ∞ (I) we define
and
We now state the assumptions that we will make on the adiabatic coupling function. The first one will be required for regions of R that are far away from the first order poles that are nearest to the real axis, while the second one will be required close to such poles. The quantities ξ c and ξ r will be the imaginary and real part of those poles.
Assumption 1: For a compact interval I and κ ≥ ξ c > 0 let θ ′ (ξ) ∈ F 1,κ (I).
be the sum of two complex conjugate first order poles located at ξ r ± iξ c with residues γ. On a compact interval I ⊂ [ξ r − ξ c , ξ r + ξ c ] with ξ r ∈ I we assume that
for some γ, ξ c , ξ r ∈ R, 0 < α < 1.
Under these assumptions, the following theorem holds:
and J γ ⊂ (0, ∞) be compact intervals, and for given ξ c > 0 let 0 ≤ σ ε < 2 be such that
(i) There exists ε 0 > 0 and a locally bounded function φ 1 : R + → R + with φ 1 (x) = O(x) as x → 0, such that the following holds: uniformly all in ε ∈ (0, ε 0 ], all compact intervals I ⊂ R and all matrices H(ξ) as given in (12) and satisfying Assumption 1 for some ξ c ∈ J ξc , the elements of the superadiabatic Hamiltonian as in (13) and the transformation T nε = T nε (ε, ξ) with n ε as in (20) satisfy
(ii) Define 
There exists ε 0 > 0 and a locally bounded function φ 2 : R + → R + with φ 2 (x) = O(x) as x → 0, such that the following holds: uniformly in all ε < ε 0 , all compact intervals I ⊂ R, and all H(ξ) as in (12) satisfying Assumption 2 for some ξ c ∈ J ξc , α ∈ J α , γ ∈ J γ , we have
where M = max θ ,α,ξc) . Furthermore, (21) and (23) hold with κ = ξ c .
In words, Theorem 2 states that we can find a transformation T n which is ε-close to the one that diagonalizes H(ξ), but which diagonalizes the full equation (12) up to exponentially small errors. What is more, for those ξ where the off-diagonal elements are close to maximal, they are given by explicitly known Gaussian functions with superimposed oscillations to leading order. The dependence on E, which we dropped earlier from our notation, comes in only through θ ′ , which means through ξ c , ξ r and γ in the leading term, and through θ ′ (I,1,ξc) in the corrections. Since later we will have to consider a whole range of values for E, it is of crucial importance that all our error terms are small uniformly in basically all parameters, as stated above in Theorem 2. On the other hand note that in those regions that are more than √ ε away from ξ r , the error term dominates in (25). We will give a proof of those parts of Theorem 2 that are not identical to the situation in [BeTe1, BeTe2] in Section 6.
Theorem 2 shows how to diagonalize equation (11) up to exponentially small errors. We will actually need an exponentially accurate solution to this equation in the whole ξ domain. Here we will give a simple version of the corresponding result which is analogous to the one in [BeTe3] , and for which only mild integrability conditions on θ ′ and its derivatives are necessary. In [BeTe3] it is shown that a sufficient condition is the integrability of ξ → θ ′ (ξ,1,ξc+δ) for some δ > 0, outside of a compact interval, and that a sufficient condition for this is the integrability of
outside of a compact interval.
Theorem 3. Assume that θ ′ has two simple poles at ±iξ c at leading order, and no further singularity of distance less or equal to ξ c to the real axis. In addition assume that for some
) be the solution of the equation (12) in the optimal superadiabatic representation, i.e.
subject to the boundary conditions
is the error function normalized to be 0 at −∞.
The proof of Theorem 3 requires no changes as compared to the one given in [BeTe3] and is therefore omitted. Let us remark already here, however, that for our applications to the reflected wave we will need precise control over the ξ-dependence of the error term above, which means we will basically have to reprove a refined version of Theorem 3 later. Also for later purposes, we note that Theorem 3 also gives exponentially accurate information about ψ +,n : defining
we find using (26) (given explicitly in (38)) that
. (27) The last equality follows from (22) and (24) and the integrability condition in Theorem 3. We end this section by linking the conditions on θ ′ to conditions on the function p(x, E) appearing in (9). The first condition is (A1) We assume that p(x, E) > c for some c > 0 and all x ∈ R, and that p(·, E) is analytic in a neighbourhood U of the real axis.
While the map x → p(x, E) is analytic on U by (A1), it may have singular points in the complex plane. For each such point z 0 we define a straight half line B z0 pointing away from the real axis. In the case that a branch cut of p is needed at z 0 we take it to lie on B z0 . Since U 0 := C \ z0 B z0 is simply connected, the function
for z ∈ U 0 is single-valued if we require that the path of integration has to lie entirely in U 0 . ξ(z, E) is the unique analytic extension of ξ as given in (10) to U 0 . For x ∈ R we put
denote by C r,0 (x) the connected component of C r (x) containing x and put
and R 0 = inf x∈R R(x). Finally we put
The point of this construction is that now the set ∂U 00 \ U 0 contains only those points on the boundary of U 0 that are closest to the real axis in the metric given by
It turns out that these are the points on which we need to impose conditions.
(A2) We assume that ∂U 00 \U 0 = {z crit , z crit } with Imz crit > 0, and that for z ∈ U 00 near z crit we have
where g is analytic near z = 0 with g(0, E) = 0 and A(E) = 0. Furthermore, we assume that there exists δ > 0 such that for all other critical points z 0 of p(z, E) we have
For simplicity we assumed that ∂U 00 \ U 0 just contains two complex conjugate points, but the extension to finitely many of them is straightforward in principle, though some of the estimates of Section 4 would get more messy. Moreover, slightly more general perturbations g could be allowed, but we do not consider it worth the effort to include them. The conditions on β ensure that z crit is a critical point of p such that lim z→zcrit ξ(z) exists. Finally, (31) ensures that there is no sequence of singular points converging to the boundary of U 00 and is automatically fulfilled if e.g. p has only finitely many singular points.
The integrability condition we need on p can also be expressed in terms of the metric d given in (30). Let us define h :
where ∆ ⊂ R is the relevant set of energies, i.e. the support of the function Q(E, ε). We assume:
(A3) There exists δ > 0 such that Proof. (i): We omit the dependence on E from the notation. By (A2) and (28),
, and thus
Together, we get
which gives Assumption 2. Now if δ > 0 is as in Assumption (A2), and if I is a compact interval with inf{|x − ξ r | : x ∈ I} > δ, then (32) together with Darboux's theorem for power series (cf. [BeTe2] ) yields Assumption 2 with κ = ξ 2 c + δ 2 − ξ c . (ii): By the results of [BeTe3] , it is enough to ensure that
is integrable over the real axis outside of a compact interval. By the definition of ξ and the fact θ ′ (ξ) = p ′ (t)/p 2 (t) this follows from (A3).
Time-Dependent Description of a Reflected Wave
As explained in the introduction we construct solutions of the time dependent Schrödinger equation (1). Since we are interested in the scattering situation, we will need strong decay assumptions on the derivative of V , which we will give shortly. For the moment we will just assume that V is bounded on the real axis, analytic in a neighbourhood of the real axis, and that lim |x|→∞ ∂ x V (x) = 0. A solution to (1) can now be given in the form of a wave packet: for any fixed energy E > max x∈R V (x), let φ(x, E) be a solution to the stationary Schrödinger equation
is the classical momentum at energy E. By standard results on ODE we can choose φ(x, E) so that it is regular in both variables. Then the function
for some regular enough energy density Q(E, ε) supported on a compact set ∆, is a solution of (1). Of course, the solution to (33) is not unique unless we impose boundary conditions, and it is these boundary conditions that will determine the physics that the solution Ψ describes. In our case we will require that the wave packet is incoming from x = +∞, as we will detail below. In order to connect to Section 2, we put
and observe that φ solves (33) if and only if ψ solves
Of course, this is just equation (9). Let us now fix our conditions on the potential V , in order to apply the results of Section 2 and to ultimately control the large x behaviour of the solution to (35). We select a energy window ∆ = [E 1 , E 2 ]. The most basic assumption is (V1) sup x V (x) < E 1 , and V is analytic in a neighbourhood U of the real axis. This assumption corresponds to (A1) from Section 2. For the condition corresponding to (A2), we define U 00 (E) as in (29). We then assume (V2) Condition (A2) holds for U 00 (E) and for each E ∈ ∆.
Let us see what the somewhat implicit condition (V2) means for the potential V . Since p(x, E) > 0 on the real axis, the singular points of p(z, E) will occur when V (z) = E, or when V itself has a pole. Condition (V2) states that for each E there is exactly one point closest to the real axis (in the metric d given in (30)) where this happens. However, in contrast to the situation in the previous section, we now have to deal with a whole family z crit (E) of such points, indexed by the energy E. Therefore it might happen that for different values of E, different exponents β in (A2) occur, and E → z crit (E) needs not be continuous. In order to avoid such awkward situations, we impose (V3) The function E → z crit (E) is C 3 on ∆, and β does not depend on E in (V2).
The most natural situation is when V (z crit ) = E with V ′ (z crit ) = 0. Then z crit (E) depends analytically on E. Another interesting situation is when V has a pole; then z crit (E) does not depend on E, but ξ crit does via (10). Finally, we need the analog to the integrability condition (A3), uniformly in E; indeed, in view of some L 2 estimates to follow later on, we will need quite a bit more than (A3). We will say that V fulfils (V4) m with m > 0 if the following holds: (V4) m Define R 0 (x) and C R0 (x) as we did just before (29). We write
and assume that
for some δ, ν > 0, and all x outside a compact interval. Moreover, we assume that there exists C > 0 such that for all sufficiently large x ∈ R we have
Note that (V4) m implies, uniformly in E ∈ ∆,
Note also that since p(x, E) is bounded above and away from zero uniformly in x and E, (A3) follows from (36). Given the conditions on V , we can now apply the results of Section 2. Recall the natural scale (28) and definep throughp(ξ(x, E), E) = p(x, E) and θ ′ (ξ, E) = ∂ ξp (ξ, E)/p(ξ, E). By Proposition 1 and Assumption (V2), θ ′ has exactly one pair of first order poles closest to the real line, which we denote by ξ r (E) ± iξ c (E). Now it follows from Theorem 1 that in the n-th superadiabatic representation equation (35) reads
with ρ n and k n as in Theorem 1. Let us write
for the solution of (38) with initial condition as in Theorem 3. If we choose n ε = ξ c /ε so that we are in the optimal superadiabatic representation, and translate back to the actual solution of (33), we find
where the superscript means that we take the first component, and ϕ ε,j are the "optimal superadiabatic vectors", i.e. the columns of T nε . Note that due to (23) and (V4) we have
So by switching to the n-th superadiabatic representation we can write the solution of (33) as a sum of two terms, which at the moment appear rather arbitrary. However, we will see now that, with the above initial conditions, the first one corresponds to a transmitted wave while the second one corresponds to an exponentially small reflected wave.
To this end, note that by Theorem 3 we obtain
where γ = β/(β + 1) is independent of E by (V3). In the next section we will have to investigate x-behaviour of the error term very closely, but for the moment we do not worry about it.
Since the vectors ϕ ε,j approach the adiabatic vectors as |x| → ∞, they are, to leading order, non-oscillatory at infinity. By considering the oscillations of the c j and taking into account the fact that ξ(x, E) approaches a linear function at x = ±∞, we find that the solution (39) corresponds to a wave incoming from the right at x ≃ +∞, described essentially by
which is scattered on the potential. The reflected wave, for large values of x behaves as
When integrated against a suitable energy density Q(E, ε) like the one we will specify below, this reflected wave gives rise to a freely propagating Gaussian, for large values of x and t, as can be shown by the methods of [JoMa] . Here, we are interested in the full history of the exponentially small reflected wave, which is only a part of the full solution that we would get by plugging (39) into (34). From the discussion above we see that
gives the correct asymptotic behaviour of a reflected wave, and thus we define:
Definition 2. The function χ(x, t, ε) as given in (44) is called the reflected part of the wave in the optimal superadiabatic representation.
Let us now formulate the main result of this work. We start by fixing the assumptions on the energy density Q. We assume that Q is given by
where:
(C1) The real-valued function G ≥ 0 is in C 3 (∆) and is independent of ε. Moreover, the strictly positive function
has a unique non-degenerate absolute minimum at E * ∈]E 1 , E 2 [. This implies that
The complex-valued function P (E, ε) is in C 1 (∆) and satisfies lim ε→0 P (E, ε) = P (E, 0) and
The first of our results shows how to approximate c 2 in (44) up to a small relative error. It should be viewed as an extension of Theorem 3 that includes control of L 2 (dx) norms. Let us introduce the shortcut
for the ε-independent part of the argument of the error function in (41). The point x r (E) actually marks the intersection of the Stokes line emanating from ξ c (E) with the real axis. Let E * be as in (C1), and let us write x * r = x r (E * ). The point x * r is the birth region of the reflected wave. We define for 0 < δ < 1/2 
The proof of this theorem will be given in the first half of Section 4. Knowing now how much χ eff differs from χ, we will need to show next that χ eff itself has an L 2 norm greater than that error term. Indeed, we are going to show more: we will give the precise asymptotic shape of the reflected wave for almost all times t after its birth time. To do so, let us introduce some additional abbreviations:
For an explicit description of χ eff , we have to consider three different regions of the variable x. The first formula will be valid near the birth region of the reflected wave. We define
Here and henceforth, primes denote derivatives with respect to E. In the region of moderately large x, but away from the transition point, the reflected wave will be given by
For the asymptotic regime, i.e. for large x, the reflected wave is characterized by its asymptotic momentum
rather than its energy. We put k * = k(E * ), writef (k) = f (E(k)) for any function f , and define
The reflected wave in the asymptotic region is then described by
Let us now give a precise statement about the shape of the reflected wave.
Theorem 5. Assume that V fulfills (V1)-(V4) m with m > 10, and that Q fulfils (C1)-(C3). Let 0 < δ < 1/2, C 0 > 0, and
Then there exist β 0 < 1/8 and ε 0 > 0 and D > 0 such that for all β with β 0 < β < 1/8 and all 0 < ε < ε 0 we have
It is obvious that χ far is a Gaussian wave packet. Our next result shows that this is also true, to leading order, for all other times just after the transition occurred. The center of the wave packet is the classical trajectory q t of the reflected wave, where q t is defined to be the unique solution of the equation S ′ (E * , q t , t) = 0. In particular, q t satisfies 1 2 qt 0 1 p(y,E * ) dy + R ′ (E * ) = t, which shows that q t behaves like t − R ′ (E * ).
Theorem 6. Define
8εp(E * ,q t ) 2 (M ′′ (E * )+iS ′′ (E * ,q t ,t)) .
Assume t is such that ε 1/2−δ < |q t − x * r | < ε −β , with β < 1/8 as in Theorem 5. Then there exist C > 0, ε 0 > 0 and δ 0 > 0 such that
for all ε < ε 0 .
Like the two previous theorems, we will prove Theorem 6 in Section 4. A direct calculation of Gaussian integrals now yields Corollary 1. With the definitions above, we have
Thus, for all times such that ε 1/2−δ < q t − x * r , Theorem 5 yields an approximation χ expl of the reflected wave χ whose norm is larger than the error term.
Remark: We make use of the identityM ′′ (k * ) = M ′′ (E * )4k * 2 , which follows from the fact that E → M (E) is critical at E * .
Rigorous analysis of the reflected wave
In this section we give the proof of Theorems 4 -6. It is checked directly that
solves the second line of (38) with initial condition as in Theorem 3. In what follows, we will always understand n to be the optimal one given by (20) .
The additional difficulty of the present problem when compared to [BeTe1, BeTe2] is that we now need to extract the leading term of (52) with errors that are not only small pointwise in x, but even integrable over all x ∈ R. In particular, neither the leading term of c 2 (ε, x, E) nor all of its error terms are small when x → +∞, and it is only after integration over E ∈ ∆ that these terms become integrable, due to their oscillatory nature. This determines our strategy: we will always decompose the error term into a part that decays as x → ∞ and one that oscillates there in a regular way, both of which will give rise to a small contribution to the L 2 -norm. More precisely, we introduce Definition 3. Let us write x = √ 1 + x 2 .
(i) We say that a function r = r(ε, x, E) is in E 1 (β, ν) for β ∈ R and ν > 0 if there exists C independent of E such that
(ii) We say that the function r is in E 2 (β) for β ∈ R if there exists C < ∞ independent of E and r 0 (ε, E) independent of x and with |r 0 (ε, E)| ≤ Cε β and
Here, we put p(∞, E) = lim x→∞ p(x, E) = lim x→∞ E − V (x).
We immediately show how to use these two different functions in order to estimate L 2 errors.
Lemma 1. Let ∆ be a compact interval and f : ∆ → R be a bounded function. For r = r(ε, x, E) define
If r ∈ E 1 (β, ν) for some ν > 0 then there exists C > 0 such that
If r ∈ E 2 (β) then there exists C > 0 such that
Proof. The first assertion is just an application of Fubini's theorem together with the fact that a function from E(β, ν) is square integrable in x. The second assertion follows from the fact that with
To see this, put k = p(∞, E) = E − V (∞), so that E = k 2 + V (∞) and dE = 2k dk. Putting∆ = p(∞, ∆) we have
where ρ(k) = 2k1∆(k)f (k 2 + V (∞)) and F ε is the rescaled Fourier transform
By the Plancherel formula we find
Taking into account the prefactor √ 2πε we obtain (53).
Let us now start to see how to decompose quantities of interest into parts from E 1 and E 2 .
Lemma 2. Assume that V fulfils (V4) m for some m > 0. Then for each β > 0 and each 0 < ν < m we can find r 1 ∈ E 1 (β(m − ν) − 1, ν) and r 2 ∈ E 2 (0) such that
In fact, we can choose
Proof. We decompose
By (V4) m we have |K(x, E)| ≤ C x −1/2−m for x > 0, and from the inequality |e ix − 1| ≤ |x| valid for all x ∈ R we get
Since x > ε −β by assumption, we have x −m+ν < ε β(m−ν) and thus ( * ) ≤ Cε β(m−ν)−1 x −1/2−ν , which proves the claim.
Corollary 2. Assume that V fulfils (V4) m for some m > 0. Then for each fixed D ∈ R, and for each 0 < ν < m, there exist
Proof. For β > 0 and x with D < x < ε −β we have
which is in E 1 (−β(1/2 + ν), ν). From Lemma 2 we know that the part with x > ε −β is in E 1 (β(m − ν) − 1, ν) + E 2 (0). Optimising over β gives the condition −β(1/2 + ν) = β(m − ν) − 1, whence β = 1/(1/2 + m) and −β(1/2 + ν) = −(2 + ν)/(2 + m).
Corollary 3. Assume that V fulfils (V4) m for some m > 0, fix D ∈ R and 0 < ν < m. Assume that f (ε, x, E) is such that
for some C > 0 and some β ∈ R. Then there exist
Proof. Simply write
f ds, and use Corollary 2.
We will now apply the above tools to the study of (52). Note that
which is finite by assumption, so we can replace x with ξ for studying the decay rate.
Proposition 2. Assume that V fulfils (V1)-(V4) m with
For each ν 0 > 0 there exists 0 < ν < ν 0 , and
Proof. First note that by (V4) m and (22), for sufficiently negative y we have
Using this in (52) gives
(ρ n (y) − 1/2) dy which is finite and O(ε 2 ) for all x by (21). We write
Now for x > D we have
by (21). Thus
with |r(x, ε, E)| ≤ x − 1 2 −ν . Using (22), (24) and (V4), we find
and (59) together with (60) give
with r 1 ∈ E 1 ( 1 2 , ν). Inside the integral, (27) gives
and using (21) we see
Combining this with (60) and (57) we obtain
where |f (ε, y, E)| ≤ x −3/2−δ . When inserting this into (61), the first term above gives c 2,D , while the second one is estimated using Corollary 3 to give the desired result.
In order to proceed further, we now need the following refinement of Theorem 2 which gives us additional control over the x-dependence of the error terms to k nε .
Proposition 3. For each α > 0 there exists r ∈ E 1 (3/2 − α, 1 + ν) such that
where g is given through (24).
Proof. We will use Assumption (V4). We use (25) (56) and (V4) m the claim follows. Note that we may take α arbitrarily small in Assumption 2, due to Proposition 1.
We will also need the following useful little lemma:
Lemma 3. For each n ∈ N and each ε > 0 we have
2ε ∈ E 1 (n/2, ν) for all ν > 0, and, for δ > 0,
2ε ∈ E 1 (m, ν) for all m > 0, ν > 0.
Proof. Taking the derivative of g(x) = x n e − x 2 4ε and equalling it to 0, we see that g is maximal at x = √ 2εn. The value at the maximum is given by e −n/2 (2εn) n/2 = O(ε n/2 ).
On the other hand, f (x) = e 
Then for arbitrary α > 0, for D negative and |D| large enough, there exist cos (w(ε, y, E)) ,
with
We write cos (w(ε, y, E)) = 1 2 e iw(ε,y,E) + e −iw(ε,y,E) .
For the second term above, the exponential e −i ε y present in e −iw(ε,y,E) combines with the one present in (62); we use integration by parts in (62), with the function e 
The boundary term is clearly in E 1 (1, ν), and the factors left out in (65) are bounded by Cε −1/2 e − ξc ε , so together this gives a contribution in e − ξc ε E 1 (1/2, ν). The contributions of the integrand in the bulk term stemming from the last two terms in the bracket are in E 1 (1, ν) by Lemma 3. For the first term, we have to integrate by parts once again; the resulting boundary term is again clearly in E 1 (1, ν) , while the bulk term is very similar to the one in (65) with the crucial difference that the bracket there is now multiplied by 2(y − ξ r )/ξ c and an additional term 2ε/ξ c is present. Applying Lemma 3 then shows that this integrand is in E 1 (1, ν) again. Now we can apply Corollary 3 and find that the term involving e iw(ε,y,E) is bounded by e − ξc ε (r 1 + r 2 ) with r 1 ∈ E 1 (1/2, ν) and r 2 ∈ E 2 (1/2). We now turn to the term involving e +iw(ε,y,E) . Here the oscillations e ±i ε y cancel in the leading term of (62), which is therefore given by We now use explicit integration
and the fact that |e ix − 1| ≤ |x| for all real x to find
Using integration by parts, we find
Now an easy calculation using Lemma 3 shows that Corollary 3 applies to the second term of (66), showing that it is bounded by e − ξc ε (r 1 + r 2 ) with r 1 ∈ E 1 (1/2, ν) and r 2 ∈ E 2 (1/2).
After all these preparations, we now work towards the proof of Theorem 4. Recall that χ was defined in (44), and in a similar way define
Proposition 5. Assume that V fulfills (V1)-(V4) m , and that Q fulfils (C1)-(C3).
Then for all α > 0 there exist ε 0 > 0 and C > 0 such that for all ε < ε 0 we have
In particular, for m > 6 we have χ(ε,
Proof. By Proposition 4 and Lemma 1, we have
. (40) ensures that sup x,E |ϕ
(1) ε,2 (ε, x, E)| is bounded uniformly for all ε < ε 0 . By virtue of (C1), for arbitrarily small δ > 0 we have
Thus writing ∆ ε = {E ∈ ∆ : |E −E * | < ε 1/2−δ } we find that for each m ∈ N there exists C > 0 with
and, by (C1) again
Consequently, by scaling
. This shows the claim.
Formulas (68) and (69) are also the key to the following
Proposition 6. Assume that V fulfills (V1)-(V4) m , and that Q fulfils (C1)-(C3). Put
Then for all m > 0 there exist ε 0 > 0 and C > 0 such that for all ε < ε 0 we have
Proof. Note that by (40) we have ϕ
+ r 1 with r 1 ∈ E 1 (1, 1 + ν); moreover, we have
for w > 0 and erf(w) ≤ 2e −w 2 /(π|w|) for w < 0. This shows c 2,L (ε, x, E) ϕ
ε,2 (ε, x, E) = e − ξc ε (r 1 + r 2 ) with r 1 ∈ E 1 (0, 1) and r 2 ∈ E 2 (0). Then (68) and Lemma 1 shows that
for any m, the same holds for the corresponding L 2 norm, and the claim follows.
The final step in the proof of Theorem 4 is an effective description of the error function in c 2,L . Define x r (E) and a(x, E) as in (48) and note that E → x r (E) is C 1 by (V3). Put
Proposition 7. For any m > 0, k > 0 and δ > 0 we have
Proof. Let us consider only the case x > x r (E * ), the other case goes analogously. We first show the estimate
By (71) we find
Now since p(y, E) > c for all y and all E, and since ξ c (E) is bounded away from 0, we get
From the estimate above we find
Plugging this into (72) and using Lemma 3, we obtain the result. Now Theorem 4 follows by using Proposition 7 in the expression for c 2,L in Proposition 6 in case |x − x * r | > ε 1/2−δ , while keeping c 2,L for |x − x * r | ≤ ε 1/2−δ , and then using Lemma 1 again.
We now turn to the proof of Theorem 5. Let us recall the abbreviations
We first take advantage of Proposition 6, i.e. the fact that we know E − E * is small in the relevant area of ∆, and expand all quantities of E around E * . The only exception is ξ(x, E) since x → ξ(x, E) grows like p(∞, E)x, and so in this case such an expansion would not be uniform in x. We have
where the error term is not uniform in x. By the Taylor formula with integral remainder
we can write
The error term is uniform in x here, because the error functions are. Since we are on ∆ ε , by restricting attention to the set {|x − x * r | ≤ ε 1/2−δ } we actually get
Hence, by (69) and Lemma 1 again, we find that once multiplied by Q 0 (E) and the , the L 2 (dx)-norm of the corresponding dE-integral of this remainder is of order O(e − M (E * ) ε ε 1−3δ ). Similarly, we expand S 0 (E, t) := +ξ r (E) + J(E) + Et and M (E) to third order. The error stemming from this expansion is of order |E − E * | 3 /ε and is uniform in t and x. Thus, by the same argument, this remainder eventually yield an error of order O(e
Finally, we use (40) to see that ϕ
+ r 1 with r 1 ∈ E 1 (1, 1 + ν) and estimate the error term using the by now familiar reasoning. Defining
and expanding around E * we obtain
with an error term that is uniform in x and of order ε 1/2−δ , so that we have shown
where all the primes denote E-derivatives. Then, for all 0 < δ < 1/4,
To get the result stated in Theorem 5 on the range {|x − x * r | ≤ ε 1/2−δ }, we need to expand the term ξ(x, E) around E * as
where primes denote E-derivatives. Over the considered set of x ′ s, the error term generated is dominated by |E − E * | 3 /ε, and is dealt with as above. To arrive at the expression χ near , we change variables from E to y = (E − E * )/ √ ε in the remaining integral, and note that extending the range of integration to the whole of R costs an error of order
We now consider the region ε 1/2−δ < |x − x * r | < ε −β with β < 1/8 and 0 < δ < 1/4. The following proposition settles Theorem 5 for the intermediate region.
Proposition 9. Define χ mod as in (50) . Then there exist ε 0 > 0 and C > 0 such that for each ε < ε 0 we have
Proof. The leading term is obtained from the leading term of (78): we know from Proposition 7 that we can replace the error function in (77) with 1 for the range of x we consider, and then we obtain a purely Gaussian integral in (E − E * ). Again, we can extend the range of integration to all or R for the cost of an error of O(e −M(E * )/ε ε ∞ ). When integrated over ε 1/2−δ < x − x * r < ε −β this error stays of that order, and distributing the various leading terms of (78) in the exponent changes the S 0 and its derivatives to S. For the error term we note that |E − E * | < ε 1/2−δ on ∆ ε , and thus
for |x| < ε −β . Since the length of the range of integration in x is O(ε −β ), the length of integration range in E is ε 1/2−δ , and the factor e
is present, we obtain the result.
It remains to treat the region x > ε −β . Since this has essentially been done before [JoMa] , we will be much briefer here. We use Lemma 2 in order to write
with r 1 ∈ E 1 (β(m − ν) − 1, ν). By Proposition 7, we can replace the error function by 1, and replace p(x, E) by p(∞, E) with an error bounded by C/ x m+3/2 and thus by Cε β(1+m−ν) x ν+1/2 << Cε β(m−ν)−1 x ν+1/2 . Integrating these error terms over E against the Gaussian function gives a term whose L 2 (dx) norm is bounded by means of Lemma 1. The Luniformly in ε > 0, in time t and |x| <C. To see this, note that by the formula ∂ l x g(a + bx) = b n g (l) (a + bx), the l-th derivative of the error function is an Hermite function, i.e. is given by
where H l is the l-th Hermite polynomial. Since Hermite functions are uniformly bounded in their variable, the uniformity claim in ε follows. Since the derivatives on the second factor also produce Hermite functions, we have shown (80). Moreover, |S ′ (E * , x, t)| > c|q t − x| for some c > 0 uniform in t, and so
Thus the dy integral is bounded by C(δ, m)ε m and bounded uniformly in x and t, and estimating the x integral by the area |x| <C times its maximum gives the result.
In the region where x is moderately large but not finite as ε → 0, we need a different argument due to the broadening of the wave packet.
Proposition 11. Put
Then for each m ∈ N we have
Proof. First recall that S ′′ (E * , x, t) is independent of t and grows with x like x. The negative of the real part of the exponent of χ mod is given by
Since |S ′ (E * , x, t)| ≥ c|q t − x| for some c > 0 and |S"(E * , x) − S"(E * , q t )| ≤ C|q t − x| for some C > 0, we find
Differentiation of the function y → y a 2 +yb 2 shows that the right hand side of (81) is minimal when |x − q t | 2 is minimal, i.e. when |x − q t | is equal to its lower bound in Λ. Inserting this yields
This shows that |χ mod | ≤ Ce
ε m for each m ∈ N all x ∈ Λ, with C uniform in t. Now, since for t large q t ≃ t so that S ′′ (E * , q t , t) ≃ t, we get that on Λ, t ≤ c 1 ε −β−1/2+δ , so that |x| ≤ c 2 ε −β−1/2+δ , for some constants c 1 , c 2 . Integrating over the range |x| < c 2 ε −β−1/2+δ then shows the claim.
Then we plug this into the expression for d(x, t), and make use of the inequality |ab−cd| ≤ |a − c||b| + |b − d||c|, and of the estimate
On the set |x − q t | ≤ √ 2ε 1/2−δ |M ′′ (E * ) + iS ′′ (E * , q t , t)|, the last term of the parenthesis of order ε 1/2−δ , uniformly in x, t. Eventually, we get on the set
It then remains to make use of these estimates in the computation of the modulus of χ gauss − χ mod on the set |x − q t | ≤ ε 1/2−δ M ′′ (E * ) 2 + 2S ′′ (E * , q t , t). We finally get, with a constant C 3 uniform in t,
Explicit integration of the right hand side above finishes the proof. Let us finally remark that in a similar way, one can expand the expression (79) for the near region, and get an approximate expression for the transition region as well.
Superadiabatic representations
In this section we will prove Theorem 1. We start with equation (11) which we repeat here for convenience:
While the ultimate aim is to construct the superadiabatic transformations T n from theorem 1, we start by constructing superadiabatic projections. For this matter, write
for the spectral projections corresponding to the eigenvaluse ±1/2 of H. The n-th superadiabatic projection will be a matrix
with π 0 (x) = π + (x) and
Here, [A, B] = AB − BA denotes the commutator two operators A and B. Likewise, we will later use [A, B] + = AB + BA to denote the anti-commutator of A and B. Equation (85) says that π (n) is a projection up to errors of order ε n+1 , while (86) states that if ξ → ψ(ξ) ∈ C 2 solves (83), then also ξ → π (n) (ξ)ψ(ξ) solves (83) up to errors of order ε n+1 .
We construct π (n) inductively starting from the Ansatz (84). Obviously (85) and (86) are fulfilled for n = 0. In order to construct π n for n > 0, let us write G n (t) for the term of order ε n+1 in (85), i.e.
The following proposition is taken from [BeTe1] and the proof there applies literally also to the present case.
Proposition 12. Assume that π (n) given by (84) fulfills (85) and (86) . Then a unique matrix π n+1 exists such that π (n+1) defined as in (84) fulfills (85) and (86) . π n+1 is given by
Furthermore π ′ n is off-diagonal with respect to π 0 , i.e.
and G n is diagonal with respect to π 0 , i.e.
As in [BeTe1] we represent the matrix recurrence relation (89) with respect to a special basis of C 2×2 , in order to arrive at a more tractable set of scalar recurrence relations for the coefficients. While the following matrices are different from the one chosen in [BeTe1] , they satisfy algebraic relations very close to those obtained and utilized in [BeTe1] . As a consequence most of our proofs require only slight adjustments as compared to those in [BeTe1, BeTe2] . Let
where θ ′ =p ′ /p. Together with the identity matrix 1, X, Y (ξ) and Z(ξ) from a basis of R 2×2 for every ξ ∈ R. The following relations now follow without effort:
The relations (92)- (95) agree almost exactly with the corresponding relations derived and used in [BeTe1] . The only differences are a sign change in the last equation in (92) and in the last equation in (93). These relations show that this basis behaves extremely well under the operations involved in the recursion (89). This enables us to obtain
Proposition 13. For all n ∈ N, π n is of the form
where the functions x n , y n and z n solve the scalar recursion
and satisfy the differential equations
Moreover,
Remark 1. Hence, for all even n, x n = 0, while for all odd n, y n = z n = 0. Moreover, x n is always purely imaginary, while y n and z n are real.
Proof. For n = 0 we have G 1 = 0 and thus
which shows (103). For the rest we just have to stick (96) into the recurrence (89) and use the relations (92)- (95). For G n+1 we use (93) to obtain
With (95) this yields
Next we compute with (92) that
which implies with (94) that
In summary we obtain
from which (97)-(99) can be read off. While (100) and (102) follow directly from (97) and (99), for (101) we observe that
where the first equality is (90) and for the second equality we use π 0 Xπ 0 = π 0 Zπ 0 = 0 (a consequence of (94)) and π 0 Y π 0 = −π 0 (a consequence of (95)) in (104).
Remark 2. From (100) through (102) we may derive recursions for calculating x n or z n , i.e.
The constant of integration C must (and in some cases can) be determined by comparison with (97)-(99). In the case where θ ′ is given as in Assumption 2, this strategy will lead to fairly explicit expressions of the leading order of the coefficient functions x n , y n and z n , cf. Proposition 16; from these we will extract the asymptotic behaviour of x n , y n and z n .
Using (100)- (102), we can give very simple expressions for the quantities appearing in (85) and (86). As for (86), we use (92) and the differential equations to find
The term by which π (n) fails to be a projector is controlled in the following proposition.
Proposition 14. For each n ∈ N, there exist functions g n+1,k , k ≤ n, with
For each k ≤ n, g ′ n+1,k = 2i(x k z n+1 − z k x n+1 ).
Proof. Recalling (84) we have that
π k+j π n−j .
As before we compute By multiplying (114) with e j e * j from the left and by e k e * k from the right, j, k ∈ {1, 2}, j = 0, and rearranging, we obtain (λ k − λ j ) e j e * j T ε (iε∂ ξ − H) T −(α 2 − β 2 ) α(β + β) .
The expressions for M 1,2 and M 2,1 now follow from (115).
We now use our results from the previous section to express α, β and λ 1,2 in terms of x k , y k and z k , k ≤ n. Let us define
Moreover, let g ≡ g(n, ε, ξ) = n k=1 ε n+k g n+1,k (ξ)
be the quantity appearing in (108).
Lemma 5. The eigenvalues of π (n) solve the quadratic equation Proof. By (112) and Proposition 14 we obtain
Lemma 6. α 2 (λ 1 − λ 2 ) = 1 − η − λ 2 , and αβ(λ 1 − λ 2 ) = −χ − ζ.
Proof. From (109) and α 2 + |β| 2 = 1 one obtains
Thus, using again (109), we find π (n) v 0 = λ 1 αv n − λ 2 βw n = (λ 1 α 2 + λ 2 |β| 2 )v 0 + (λ 1 − λ 2 )αβw 0 = = (α 2 (λ 1 − λ 2 ) + λ 2 )v 0 + (λ 1 − λ 2 )αβw 0 .
On the other hand, from (84) and (89) we have Comparing coefficients finishes the proof.
We can now prove Theorem 1, which we restate here in slightly different form. To make the connection, note that x n is purely imaginary and z n is purely real, so that indeed x n + z n = −x n + z n . Since λ 1 − λ 2 = 0, Lemma 6 yields
Hence α 2 = 1 + O(εq), and β, β ′ and αα ′ = (α 2 ) ′ /2 are all O(εq). We now plug these into the matrix R in Proposition 15. This shows the claim.
Asymptotic behaviour of superadiabatic representations
The next step in the program is to understand the asymptotic behavior of the off-diagonal elements of the effective Hamiltonian in the n th superadiabatic basis for large n. According to (122) this amounts to the asymptotics of x n and z n as given by the recursion from Proposition 13. It is clear that the function θ ′ alone determines the behavior of this recursion. As in [BeTe1, BeTe2] it will in fact be the poles of this function closest to the real axis that play the dominant role; thus we first investigate the special case
and then turn to a perturbation as allowed in Assumption 2. Fortunately, all the changes relative to [BeTe1, BeTe2] occur in the error terms of the explicit part stemming from (123), and so we have to redo only a small part of the work. We use (106) in order to determine the asymptotics of z n . From Proposition 13 together with (97)- (99) it is clear that y n must go to zero as ξ → ±∞. This fixes the constant of integration in (106), and we arrive at the linear two-step recursion
